The nonperturbative approach to 2D Landau gauge QCD in the context of the Schwinger-Dyson equations for the quark and ghost propagators and the corresponding Slavnov-Taylor identity in the quark-ghost sector is presented. The distribution theory, complemented by the dimensional regularization method, is used in order to correctly treat the infrared singularities which appear in the theory. By working out the multiplicative renormalization program we remove them from the theory on a general ground and in self-consistent way. This makes it possible to sum up the infinite series of the corresponding planar skeleton digrams in order to derive the closed set of equations for the infrared finite quark propagator. We have explicity shown that complications due to ghost degrees of freedom can be considerable within our approach. It is exactly shown that 2D QCD implies quark confinement (the quark propagator has no poles, indeed) as well as spontaneous breakdown of chiral symmetry (a chiral symmetry preserving solution is forbidded).
I. INTRODUCTION
In his paper [1] 't Hooft has investigated 2D QCD in the light-cone gauge which is free from ghosts complications. Also large N c (number of colors) limit technique was used in order to make the perturbation expansion with respect to 1/N c reasonable. In this case, the planar diagrams are reduced to the quark self-energy and ladder diagrams which finally can be summed. The bound-state problem within the Bethe-Salpeter (BS) formalism was finally obtained free from the infrared (IR) singularities. The existence of the discrete spectrum only (no continuum in the spectrum) was demonstrated. Since this pioneer paper 2D QCD continues to attract attention (see, for example review [2] and recent paper [3] and references therein). Despite its simplistic (but not trivial) vacuum stucture it remains a rather good laboratory for the modern theory of strong interaction which is 4D QCD.
In this work, we report on a new exact solution (using neither large N c limit technique nor a weak coupling regime, i.e., ladder approximation) to 2D covariant Landau gauge QCD. It is well known that covariant gauges are complicated by the ghost contributions. However, we will show that ghost degrees of freedom can be considerable within our approach. In covariant gauge QCD, by contributing only into the closed loops, nothing should explicitly depend on ghost degrees of freedom. Nevertheless, the ghost-quark sector contains very important piece of information on quark degrees of freedom themeselves through the corresponding quark Slavnov-Taylor (ST) identity (see section 4). Precisely this information should be self-consistently taken into account.
II. IR FINITE QUARK PROPAGATOR
Let us consider an exact (unrenormalized for simplisity) Schwinger-Dyson (SD) equation for the quark propagator in momentum space with Euclidean signature with m 0 being the current ("bare") mass of a single quark. Γ µ (p, q) is the corresponding quark-gluon proper vertex function. The full gluon propagator in the covariant Landau gauge is
where T µν (q) = g µν − q µ q ν /q 2 . In what follows we will consider only its free (tree level) counterpart by simply setting the full gluon form factor d(q 2 ) = 1 in Eq. (2.3) . In this connection, let us note that 't Hooft [1] also has used only free gluon propagator in the light-cone momentum variables.
The important observation now is that the free gluon propagator exact singularity 1/q 2 at q 2 → 0 in 2D QCD is strong and therefore it should be correctly treated within the distribution theory (DT) [4, 5] . In this case, in order to actually define the system of SD equations (see below) in the IR region, let us apply the gauge-invariant dimensional regularization (DR) method of 't Hooft and Veltman [6] in the limit n = 2 + 2ǫ, ǫ → 0 + . Here and below ǫ is the small IR regularization parameter which is to be set to zero at the end of computations. Let us use in the sense of DT (i.e., under integrals on account of smoothness properties of the corresponding test functions) the relation [4, 5] ( 4) which implies that the gluon propagator (2.3) looks like
andD µν (q) exists as ǫ → 0 + , i.e., it is IR finite (renormalized). Here Z D (ǫ) = 1/ǫ is the IR maltiplicative renormalization (IRMR) constant of the gluon propagator. Then it follows
The functional (
− is defined (at n = 2) by substraction from the vertex its zero momentum transfer expression in the integrand function in the initial SD equation for the quark propagator. In what follows it plays no any role.
Let us emphasize that the singularity (2.4) is a unique simplest singularity possible in 2D QCD [4, 5] . However, it is the strong singularity at the same time (see Ref. [5] for details). This feature underlines the special status of 2D QCD. That is why all other Green's functions (more precisely the quark-gluon and ghost-gluon vertices) should be considered as regular functions of the momentum transfer (otherwise obviously the IR singularity becomes effectively more stronger than (2.4)). In the quark-ghost sector, however, the momentum transfer goes through momentum of the ghost self-energy (see section 4). In turn, this means that the quark-gluon vertex is regular with respect to the ghost self-energy momentum. At the same time, we will show that ghost self-energy can be regular at origin as well. Thus in 2D QCD all the strong IR singularities are to be summarized by the free gluon propagator.
In the presence of such strong singularity (2.4) all Green's functions become dependent generally on the IR regularization parameter ǫ, i.e., they become IR regularized. This dependence is not explicitly shown for simplicity. Let us introduce the IR finite quark-gluon vertex function, coupling constant and the quark propagator as follows:
Here and below Z 1 (ǫ), Z 2 (ǫ) and X(ǫ) are the corresponding IRMR constants. The ǫ-parameter dependence is indicated explicitly to distinguish them from the usual ultraviolet (UV) renormalization constants. In all relations containing the IRMR constants, the ǫ → 0 + limit is always assumed at final stage.Γ µ (p, q) andS(p) are the IR finite Green's functions and therefore do not depend on ǫ in the ǫ → 0 + limit, i.e. they exist as ǫ → 0 + , as well as the IR finite coupling constantḡ 2 (charge IR renormalization). There are no restrictions on the ǫ → 0 + limit behavior of the IRMR constants apart from the regular ǫ dependence of the IRMR constant Z 2 (ǫ) of the quark wave function (see Eq. (2.9) below).
Substituting all these relations into the quark SD equation (2.1), one obtains that a cancellation of the IR divergences takes place if and only if (iff) 
Let us note that the IR finite coupling constant in 2D QCD has dimension of mass as well as that all other finite numerical factors have been included into it. Also here and below all other finite terms after the completion of the IRMR program (in order to remove all the IR singularities from the theory on a general ground) become terms of order ǫ and therefore they vanishes in the ǫ → 0 + limit. The information about the quark-gluon vertex function at zero momentum transfer can be provided by the quark ST identity [7] [8] [9] , which contains unknown ghost contributions in the covariant gauge. For this reason let us consider in the next section the SD equation for the ghost self-energy.
III. IR FINITE GHOST SELF-ENERGY
The ghost self-energy b(k 2 ) also obeys a simple SD equation in Euclidean space [7, 10] 
where C A is the eigenvalue of the quadratic Casimir operator in the adjoint representation (for SU(N c ), in general C A = N c = 3). The ghost propagator is
and
is the ghost-gluon vertex function ( G λµ = g λµ in perturbation theory). Similar to previous relations, let us introduce the IR finite (renormalized) ghost selfenergy
and the IR finite ghost-gluon vertex function
whereb(k 2 ) andḠ µ (k, q) are IR finite, by definition. Thus they do not depend on the parameter ǫ in the ǫ → 0 + limit which ia always assumed in such kind of the relations.Z(ǫ) andZ 1 (ǫ) are the corresponding IRMR constants. The IR finite ghost propagator is defined as
whereZ 2 (ǫ) is also the corresponding IRMR constant andḠ(k) exists as ǫ → 0 + . From these definitions it follows that the ghost propagator IRMR constantZ 2 (ǫ) is completely determined by the ghost self-energy IRMR constantZ(ǫ) and vice versa, i.e.,
As in the previous case, the dependence of these IRMR constants on ǫ in general is arbitrary apart from the ghost self-energy IRMR constantZ(ǫ). Obviously, its regular dependence on ǫ in the ǫ → 0 + limit should be excluded from the very beginning. The problem is that if Z(ǫ) vanishes as ǫ → 0 + , then the full ghost propagator simply reduces to the free propagator one, i.e., there is no nontrivial renormalization at all. In other words, the IR renormalized ghost propagator is vanishing in the ǫ → 0 + limit. This means in turn that all the necessary information about quark degrees of freedom which is contained in the quark-ghost sector will be finally totally lost (see next section). Thus the only nontrivial cases remain are: 1). When the ghost self-energy is IR finite from the very beginning (i.e.,Z(ǫ) ≡Z = const.), then the ghost propagator is also IR finite from the very beginning.
2). The IRMR constantZ(ǫ) is singular as ǫ goes to zero, so its inverse is regular in the same limit.
The expression for the IR renormalized (finite) ghost propagator is
Substituting all these relations as well as relation (2.4) into the initial SD equation for the ghost self-energy (3.1), one obtains that a cansellation of the IR divergences takes place iff
holds. As in quark case, here Y g is the arbitrary but finite constant (different from Y q , of course). This is the ghost self-energy SD equation convergence condition in the most general form. The ghost SD equation for the IR finite quantites becomes (Euclidean space)
where all finite numerical factors (apart from Y g ) are included into the IR finite coupling constantḡ 
A. Ghost-gluon vertex
In order to show that the IR finite ghost self-energy may exist and be finite at origin, one needs to extract k 2 from right hand side of Eq. (3.10) and then to pass to the limit k 2 = 0. For this aim, let us consider the IR finite counterpart of the ghost-gluon vertex (3.3), which is shown in Eq. (3.5),Ḡ
Its general decomposition is 12) and (l = k − q)
Substituting this into the previous vertex, one obtains
14)
Thus at zero momentum transfer (q = 0), one has
Let us remind that the form factors (3.13) exist when any of their momenta goes to zero.
1
Taking now into account the relation (3.16) and the definition (3.8), it is easy to see that the corresponding equation (3.10) for determiningb(k 2 ) is nothing else but the algebraic equation of the second order, namelȳ
Its solutions are
Let us remind that in this equation,Z −1 ≡Z −1 (ǫ) is either constant or vanishes as ǫ → 0 + , so it always exists in this limit. If now (see also Ref. [10] )
and R 1 (k 2 ) exists and is finite at zero point, then the ghost-self energy exists and is finite at origin as well.
2 Obviously, because of the relation (3.17) this can be achieved in general by setting
In the next section we will show that Eq. (3.20) is in explicit agreement with the Taylor's general result [8] . Let us emphasize in advance that our final results will not explicitly depend on the auxiliary technical assumption (3.20) .
Obviously, Eq. (3.10) can be rewriten in the equivalent form as follows:
then from the above it follows that the right hand side of this relation is of order k (∼ O(k)) always as k → 0. Thus the ghost-self energy exists and is finte at zero point but remains arbitrary within our approach. Concluding, let us note that, in principle, the information about ghost-gluon vertex (3.16) could be obtained from the corresponding identity derived in Ref. [12] . We have found (in complete agreement with Pagels [10] ) that no useful information even at zero momentum transfer can be obtained, indeed. It has too complicated mathematical structure and involves the matrix elements of composite operators of ghost and gluon fields. However, it is worth reemphasizing one more that, in principle, it is not important whether ghost degrees of freedom are regular or singular functions of their momenta. The important point is that nothing should explitly depend on them in the final expressions (see below).
IV. IR FINITE QUARK ST IDENTITY
Let us consider the ST identity for the quark-gluon vertex function Γ µ (p, k):
where b(k 2 ) is the ghost self-energy and B a (p, k) is the ghost-quark scattering kernel [7, 10, 13, 14] and T a 's are color group generators. From the identity (4.1) one recovers the standard QED-type Ward-Takahashi identity in the formal b = B = 0 limit. The ghostquark scattering kernel B a (p, k) is determined by its skeleton expansion (here and below we have already escaped from the dependence on the color group generators T a 's)
which is diagramatically shown, for example, in Refs. [10, 14] . In addition to the previous IR finite quantities, it is convenient to independly introduce the IRMR "constant" for the ghost-quark scattering kernel B(p, k) itself as follows:
Then the IR renormalized version of the quark ST identity (4.1) becomes
iff the corresponding quark ST identity IR convergence relation Obviously, at each stage of our calculations we must always recover this general result for the IR finite skeleton diagramsB n (p, k) as well. Let us start from the investigation of the first term B 1 (p, k) of the B(p, k) skeleton expansion (4.2). After the evaluation of the color group factors it becomes (Euclidean space)
where C A is the quadratic Casimir operator in the adjoint representation. Substituting again the relation (2.4) and proceeding to the IR finite functions, one finally obtains
iff a cancellation of the IR divergences takes place, i.e.,
where Y is the arbitrary but finite constant. Taking now into account the relations (3.8), (3.16) and (3.20), one immediately can conclude in thatB 1 (p, 0) = 0, indeed, i.e., it satisfies the above-mentiond Taylor's general result (4.6). In other words, that is the ghost-self energy may exist and is finite at zero point within our approach is in agreement with the Taylor's general result [8] . From this convergence condition (4.9) and the general ST identity convergence relation (4.5) and Eq. (3.9), it follows
(4.10)
Substituting now the ghost SD equation (3.21) into the Eq. (4.8), on account of the relation (4.10), one obtainsB
Let us note that this final expression does not explicitly depend on the coupling constant as it should be. It clearly shows that the first term of theB(p, k) skeleton expansion is of order k (∼ O(k)) when k goes to zero sinceb(0) exists and is finite in this limit. Obviously, rewritten in this form, nevertheless, it satisfies the Taylor's general result (4.6) since it is zero at k = 0. In the same way it is possible to show that the second termB 2 (p, k) of the skeleton expansion for the ghost-quark scattering kernelB(p, k) is of order k 2 (∼ O(k 2 )) when k goes to zero satisfying again the above-mentioned Taylor's general result. These arguments are valid term by term in the skeleton expansion for the ghost-quark scattering kernel (see also paper [10] ). Thus we have the estimatē 12) which means that we can restrict ourselves by the first term in the skeleton expansion of thē B(p, k) kernel at small k, i.e,
Differentiating now the IR finite quark ST identity (4.4) with respect to k µ and passing to the limit k = 0, one obtains
whereΨ
Substituting the relation (4.15) into the previous ST identity (4.14), one obtains that its IR renormalized version becomes At first sight we have obtained very undesirable result since the IR renormalized ST identity (4.16) heavily depends on the arbitrary IRMR constants which have no physical sense. It depends also on the arbitrary ghost self-energy at zero point. However, let us formulate now a general method how to escape in the IR renormalized ST identity (4.16) from the explicit dependence on the arbitrary ghost self-energy at zero point as well as from the above-mentioned arbitrary IRMR constants. For this purpose, let us rescale the vertex in the ST identity (4.16) in accordance with
Then the ST identity (4.16) becomes
where
Let us note that the dependence on auxiliary IRMR "constant" Z B (ǫ) disappears as expected. The only problem now is the behavior of the ghost self-energy IRMR constantZ(ǫ) in the ǫ → 0 + limit. As was underlined in preceding section, should be considered only two independent cases. 1). The ghost self-energy IRMR constantZ(ǫ) does not depend on ǫ at all, i.e., it is finite but arbitrary,Z(ǫ) =Z = const.. In this case, redifining the ghost self-energy at zero point in the IR renormalized ST identity (4.18), one obtains
Presicely the analog of this identity in 4D QCD was first obtained by Pagels in his pioneer paper on nonperturbative QCD [10] . However, the IR renormalized quark SD equation (2.9) becomes explicitly dependent on the arbitrary ghost self-energy b 1 (0) through this identity.
As was repeatedly stressed in our paper this is not acceptable since nothing in QCD should explicitly depend on ghost degrees of freedom. They may contribute into IRMR or UVMR renormalization constants, constant of integrations, etc., but explicit dependence on them of the quark propagator is not allowed. If this explicit dependence, nevertheless, appears then some of the initial technical assumptions should be reconsidered.
2). The second available possibility is when the ghost self-energy IRMR constantZ(ǫ) is singular as ǫ goes to zero, so its inverse vanishes in this limit. In this case ∆ = 0 (see Eq. (4.19)), and quark ST identity (4.18) finally becomes
Presicely the analog of this identity in 4D QCD was obtained in our investigation of nonperturbative QCD [14] (see also Ref. [5] and references therein). It is free from ghost complications as required and therefore can be used for the solution of the quark SD equation (2.9). At the same time, it contains nontrivial information on quarks degrees of freedom themselves provided by the quark-ghost sector (the second term in Eq. (4.22), while the first term is, obviously, the standard QED-type contribution).
V. COMPLETE SET OF EQUATIONS IN THE QUARK SECTOR
The final system of equations obtained for the IR finite quantities in the quark sector are presented by the quark SD equation (2.9) and the quark ST identity (4.22). For the IR vanishing type of the quark propagator, when Z 2 (ǫ) vanishes as ǫ goes to zero, the quark SD equation (2.9) becomesS
where, obviously,m 0 = Z 2 (ǫ)m 0 (ǫ) as ǫ goes to zero. In what follows this case is not investigated and is left for the consideration alsewhere. For the IR finite from the very beginning quark propagator, when Z 2 (ǫ) = Z 2 = const. as ǫ goes to zero, the quark SD equation (2.9) becomes
Rescaling again all quantities in this SD equation and ST identity (4.22) as follows:
one can conclude in that the multiplication of the inhomonogeneous term in Eq. (2.9) by the finite constant Z 2 causes no problem and it can be set to one without loosing generality (multiplicative invariance). For the nonlinear system of equations this is nontrivial, indeed.
A. Solution
Thus the initial system of equations (2.9) and (4.22), by setting there Z 2 = 1, can be finally written down as follows:
For simplicity here we removed "bars" from the definitions of the IR finite Green's functions and retaining it only for the coupling constant (which has dimension of mass) in order to distingush it from initial ("bare") coupling constant. It contains all finite constants. By using algebra of γ matricies with Euclidean signature in two dimensions, the system (5.4) can be explicitly reduced to the system of the coupled, nonlinear ordinary differential equations of the first order. Euclidean version of our parametrization of the quark propagator is as follows:
so its inverse is
In order to solve the ST identity (the second of equations in the system (5.4)) , the simplest way is to represent the finite quark-gluon vertex function at zero momentum transfer as its decomposition in terms of four independent form factors. Introducing now the dimensionless variables and functions 8) and doing some the above-mentioned tedious algebra, the quark SD equation (5.4) finally becomes
where A ≡ A(x), B ≡ B(x), and the prime denotes the derivative with respect to the Euclidean dimensionless momentum variable x. Obviuosly we retain the same notation for the dimensionless current quark mass, i.e., m 0 /μ → m 0 , for simplicity.
VI. QUARK CONFINEMENT
The exact solution of the initial system (5.9) for the dynamically generated quark mass function is
where c is the constant of integration and
Then the equation determining the A(x) function becomes
In principle, it is possible to develop the calculation schemes in different modifications which give the solution of the system (5.9) step by step in powers of the light current quark masses as well as in the inverse powers of the heavy quark messes. The important observation, however, is that the formal exact solution (6.1) exhibits the algebraic branch point at x = c which completely excludes the pole − type singularity at any finite point on the real axis in the x-complex plane whatever solution for the A(x) function might be. Thus the solution cannot be presented as the expression having finally the pole-type singularity at any finite point p 2 = −m 2 (Euclidean signature), i.e., 5) certainly satisfying thereby the first necessary condition of the quark confinement formulated at the fundamental quark level as the absence of the pole-type singularities in the quark propagator [15] . The second sufficient condition formulated at the hadronic level as the existence of the discrete spectrum only (no continuum in the spectrum) in the bound-state problems within the corresponding BS formalism [1] is obviously beyond the scope of the present investigation.
In the chiral limit (m 0 = 0) the system (5.9) can be solved exactly. The solution for the A(x) function is
It has thus the correct asymptotic properties (is regular at small x and asymptotically approaches the free propagator at infinity). For the dynamically generated quark mass function B(x) the exact solution is
where x 0 = p 2 0 /ḡ 2 is an arbitrary constant of integration. It is regular at zero. In addition, it also has algebraic branch points at x = x 0 and at infinity (at fixed x 0 ). As in general (nonchiral case) these unphysical singularities are caused by the inevitable ghost contributions in the covariant gauges.
As was mentioned above, A(x) automatically has a correct behaviour at infinity. In order to reproduce a correct behaviour at infinity (x → ∞) of the dynamically generated quark mass function, it is necessary to simultaneously pass to the limit x 0 → ∞ in Eq. (6.7), so it identically vanishes in this limit in accordance with the vanishing current light quark mass in the chiral limit. Obviously, we have to keep the constant of integration x 0 in Eq. (6.7) arbitrary but finite in order to obtain a regular at zero point solution. The problem is that if x 0 = ∞ then the solution (6.7) does not exist at all at any finite x, in particular at x = 0.
The region x 0 ≥ x can be considered as nonperturbative whereas the region x 0 < x can be considered as perturbative. Approximating the full gluon propagator by its free counterpart in the whole range [0, ∞), nevertheless, we obtain a solution for the dynamically generated quark mass function B(x 0 , x) which manifests the existence of the boundary value momentum (dimensionless) x 0 separating the deep IR (nonperturbative) region from the perturbative one. If QCD confines quarks, then a characteristic scale, at which confinement and other nonperturbative effects become essential, must exist. The arbitrary constant of integration x 0 is precisely related to the above-mentioned chracteristic scale below which nonperturbative effects (such as confinement and dynamical chiral symmetry breakdown (DCSB)) become dominant.
VII. DCSB
From the coupled system of the differential equations (5.9) it is easy to see that this system allows a chiral symmetry breaking solution only,
and f orbids a chiral symmetry preserving solution,
Thus any nontrivial solutions automatically break the γ 5 invariance of the quark propagator
and they therefore certainly lead to the spontaneous chiral symmetry breakdown at the fundamental quark level (m 0 = 0, B(x) = 0, dynamical quark mass generation). In all previous investigations a chiral symmetry preserving solution (7.2) always exists. We do not distinguish between B(x) and B(x) calling both the dynamically generated quark mass function for simplicity.
VIII. CONCLUSIONS
In summary, a few points are worth reemphasizing. The first is that the IR singularity of the free gluon propagator, being strong at the same time, should be correctly treated by DT, complemented by the DR method. It enables us to extract the required class of test functions in the IR renormalized quark SD equation. The test functions do consist of the quark propagator and the corresponding quark-gluon vertex function. By performing the IRMR program, we have found the regular solutions for the quark propagator. For that very reason the relation (2.4) is justified, it is multiplied by the appropriate smooth test functions [4, 5] . The second is that precisely of this correct treatment the system of SD equations for the IR finite quantities become automatically free from UV divergences as well. The third point is that the structure of the IR singularities in Euclidean space is much simpler than in Minkowski space where due to light cone kinematical singularities also exist [4] . That is why we always prefer to work in momentum space with Euclidean signature.
We have explitly shown how the IRMR program should be done in order to remove from the theory all the IR singularities on a general ground and in self-consistency way. The crucial role in this program belongs to the corresponding conditions of the cancellations of the above-mentiond IR sengularities, Eqs. (2.8) and (3.9). They should be complemented by the corresponding relations which come from the quark ST identity, relations (4.5) and (4.9). Obviously, there exist two more independent conditions of the cancellations of the IR singularities containing the IRMR constants of the three and four-gluon proper vertices. For the first time, they will show up in the bound-state problem within the BS formalism.
Restricted ourselves first to the quark-ghost sector only, we, nevertheless, have shown that 2D QCD reveals several desirable and promising features. The quark propagator has no poles, indeed (quark confinement, section 6). It also implies DCSB at the fundamental quark level, i.e., the chiral symmetry is certainly dynamically (spontaneously) broken in 2D QCD (section 7). These results are exact and both phenomena are closely related to each other. The only dynamical mechanism responsible for quark confinement and DCSB which can be thought of in 2D QCD is the self-interactions of massless gluons. It becomes strongy singular in the deep IR domain and can be effectively correctly absorbed into the gluon propagator. Let us emphasize, however, that a gauge theory of quark confinement in 4D QCD (unlike 2D QCD) should be manifestly gauge invariant [5] .
Concluding, let us bring the reader's attention to the following point. The simplest approximation to the quark-gluon vertex (compatible with the correct treatment of the IR singularities by DT in 2D QCD) is the vertex at zero momentum transfer (see Eq. (5.4)) and not its point-like counterpart. This means, that even in 2D QCD it is better to analyse confinement at the fundamental quark level in terms of the analytical properties of the quark propagator which reflects the deep IR structure of the 2D QCD true ground state. At the macroscopic, hadronic level the linear rising potential interpretation of confinement becomes relevant especially for bound states between heavy quarks. In this case, apparently, the full vertex can be approximated by its point-like counterpart, so analysis in terms of potential becomes possible.
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